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The monitoring of multivariate systems that exhibit non-Gaussian behavior is
addressed. Existing work advocates the use of independent component analysis (ICA)
to extract the underlying non-Gaussian data structure. Since some of the source signals
may be Gaussian, the use of principal component analysis (PCA) is proposed to cap-
ture the Gaussian and non-Gaussian source signals. A subsequent application of ICA
then allows the extraction of non-Gaussian components from the retained principal
components (PCs). A further contribution is the utilization of a support vector data
description to determine a confidence limit for the non-Gaussian components. Finally,
a statistical test is developed for determining how many non-Gaussian components
are encapsulated within the retained PCs, and associated monitoring statistics are
defined. The utility of the proposed scheme is demonstrated by a simulation example,
and the analysis of recorded data from an industrial melter. © 2008 American Institute
of Chemical Engineers AIChE J, 54: 2379-2391, 2008
Keywords: multivariate systems, non-Gaussian variables, independent component anal-
ysis, support vector data description, process monitoring, fault detection

Introduction

Because of their simplicity, multivariate projection-based
techniques, such as PCA, have gained attention for monitor-
ing complex processes, such as those found in the chemical
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industry." PCA exploits the correlation within the typically
large number of recorded variables by defining a reduced set
of score variables for constructing a Hotelling’s T? statistic.’
The mismatch between the recorded variables and their
reconstruction using these score variables leads to the defini-
tion of the Q statistic.®

Changes in throughput, emptying and filling cycles, the
presence of unmeasured disturbances and plant recycle loops,
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however, may produce process variables that do not follow a
Gaussian distribution, as assumed for multivariate statistical-
based monitoring. This, in turn, implies that a statistical in-
ference can no longer rely on simple parametric distribution
functions for the T statistic. More precisely, the assumption
that the T2 statistic follows an F-distribution may no longer
be true. Hence, applying an incorrect distribution can have
an undesired effect on the number of Type I and II errors.

ICA has recently been applied for extracting linear combi-
nations of non-Gaussian variables. For modeling chemical
systems, Li and Wang® utilized ICA to identify dynamic
trends in process data. However, their work did not exploit
these trends for process monitoring. This was addressed by
Kano et al.”® which proposed charting individual independ-
ent components (ICs) with a time base. These references
showed through application studies that ICs can be more sen-
sitive in detecting faults and reduce the number of Type II
errors. However, a theoretical rationale for these results was
not provided. Furthermore, the confidence limits for the ICs
were obtained in an ad hoc fashion, and the number of charts
increases with the number of ICs, which hampers the practi-
cal usefulness of this approach for large variable sets.

Similar to PCA, Lee et al.” utilized the set of ICs for
reconstructing the recorded variables. The ICs are divided
with respect to s, = w'z where s; € R is the i IC, w; and z
e RY are a parameter and a data vector, respectively, such
that w; vectors producing large ||w;|, values present domi-
nant ICs. The aim is to extract dominant ICs from the com-
puted ICA decomposition to produce a total of three univari-
ate statistics for process monitoring. These are the 12, the 13,
and the Q statistic, that are based on the dominant ICs, the
remaining ICs and the residuals of the ICA decomposition.
Confidence limits for these statistics and bivariate scatter dia-
grams were then determined using a kernel density estima-
tion (KDE).®?

The use of a KDE, however, (1) is problematic if the data
distribution is sparse or clustered,'® and (2) is computation-
ally expensive for determining confidence limits/regions. Fur-
thermore, the division into dominant and remaining ICs is
not based on a statistical interpretation of the recorded data,
since inspecting ||w;||> is not related to their importance in
terms of reconstructing the original data nor their degree of
non-Gaussianity.

It is also important to note that the geometric simplicity of
PCA is not maintained when ICA is used instead. PCA deter-
mines base vectors, and uses these to project the data vectors
onto the model plane and the complementary residual sub-
space. ICA, however does not offer such a simple geometric
interpretation. Finally, Lee et al.'' showed that selecting the
initial components as PCs produces a unique and repeatable
solution of the ICA cost function, which is, however, not
guaranteed to be globally optimal.

Despite the reported progress in monitoring non-Gaussian
systems over the past few years, the aforementioned sum-
mary highlights that a number of issues still remain: (1) how
to geometrically interpret ICs, (2) how to estimate confidence
limits for ICs effectively, (3) how to evaluate the importance
of ICs, and (4) source signals may contain both, Gaussian
and non-Gaussian components.

This article addresses these issues by assuming that the
underling data structure can be described by z = I'u + f,
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where u € R" is the set of source signals that contain both
Gaussian and non-Gaussian components, f € R" are residuals
that follow a zero mean Gaussian distribution with covari-
ance X, f ~ N {0, X/} and T is a parameter matrix. The
source signals are first separated from z set through the
application of PCA. Non-Gaussian components within the
retained PCs are then extracted by applying ICA.

Incorporating ICA into PCA-based monitoring maintains
the simple geometric interpretation of PCA and relates to the
first issue. The separation of the retained score variables into
Gaussian and non-Gaussian components leads to the con-
struction of two univariate statistics and addresses the fourth
issue. The discarded components are then utilized to establish
a PCA Q statistic.

This article addresses the second issue by determining con-
fidence limits for ICs using a support vector data description
(SVDD). This technique relies on the support vector machine
concept applied to the transformed ICs into a feature space.
This space is constructed such that each of the feature varia-
bles falls within a small hypersphere. Transformed ICs that
produce points outside the sphere indicate anomalous process
behavior and vice versa. Since a SVDD relies on a quadratic
programming cost function, it is computationally efficient
compared to the KDE approach, advocated by Lee et al.”

The final contribution is the development of a testing pro-
cedure for non-Gaussian variables, and relates to the third
issue. The proposed test is designed to rank ICs according to
their degree of non-Gaussianity. This, in turn, is used to cate-
gorize the importance of ICs, since this test is directly linked
to the ICA cost function. ICs that produce a significant test
statistic possess a non-Gaussian distribution and vice versa.
This article demonstrates that the widely used JB test'” is a
special case of the proposed test. To determine a globally
optimal ICA solution, the article uses recent work on particle
swarm optimization (PSO)."?

This article is organized as follows. Preliminaries, includ-
ing PCA-based monitoring, ICA and SVDD are given next,
followed by a proof that PCA applied to the data structure z
= T'u + f projects the source signals u, onto the model
plane. Then the non-Gaussianity test is introduced, which is
followed by detailing the proposed monitoring scheme, and
then presents a simulation example and an application study
to recorded data from an industrial melter system, respec-
tively. A concluding summary is given at the end of this
article.

Preliminaries

This section gives a summary of PCA-based monitoring
and the principles of ICA and SVDD.

Principal component analysis

PCA relies on a coordinate transformation of z to produce
a reduced set of PCs'*

z=Pt+e¢ 1

where t € R”, n < N, is a score vector storing n coordinates
of the new coordinate system P € RY*" stores the base vec-
tors of the system, and ¢ € R is a residual vector. The col-
umns of P span a model plane capturing significant variation
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encapsulated in z. A complementary residual subspace,
spanned by the columns of R € RY*® ™ R'P = 0 de-
scribes &.

The geometric simplicity of the PCA decomposition
allows the construction of two univariate statistics, a Hotel-
ling’s T” statistic that represents significant variation of the
recorded data, and is associated with the PCA model plane,
and a Q statistic describing the mismatch between the origi-
nal variables and their projections onto the model plane

7% = t'At = 2/ PAP'z
Q=¢e=1"[ - PP']z=2"RR"z, (2)

for which confidence limits can be obtained as discussed
by Jackson.'* The confidence limits, however, are obtained
under the assumption that the recorded variables are
Gaussian.

Independent component analysis

ICA is designed to extract ICs from a variable set z that is
a linear combination of non-Gaussian variables s € R”, m <
N:

Zz=As+e 3)
where A € RY™™ contains mixture coefficients, and e is a
zero mean Gaussian residual vector with covariance X,, e ~
N{0, X,}. The aim of ICA is to find a separating
matrix W € RN, such that

§=Wz=WAs~s, 4)

Including a whitening procedure'® x = Qz, Q € RV, being
the whitening matrix, Eq. 4 becomes

§ =Wz =WQ'x = B'x, 5)

where [-]" is a generalized inverse, and B € RNV is deter-
mined to maximize the non-Gaussianity of § = B’x under
the constraint that the columns of B are mutually orthogonal
and determined by maximizing J(y), y = b’x, which meas-
ures non-Gaussianity. For J(y) the negentropy is usually
employed, which relies on the information-theoretic quantity
of differential entropy, defined as H(y) :—j fy) log (f(y)) dy,
where y and f() is a random variable and its density func-
tion, respectively. A Gaussian variable v, has the largest en-
tropy among all random variables of equal variance, and
allows the definition of J(y) = H(v) — H(y), which can be
approximated by

J() = [E{G()} — E{G)}]™. (©)

Here, G(-) is the nonquadratic function.'” In the presence of
outliers, G(-) is preferred to be — l/az(exp(—azyz/Z)).l(’

Existing work on computing an ICA solution relates to
gradient descent techniques, e.g., Lee et al,'' which may not
produce a global optimum. This article employs the recently
proposed and numerically efficient PSO-ICA technique,13
where a PSO search algorithm is utilized to compute
the non-Gaussian components, and yields a globally optimal
solution.
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Support vector data description

Inspired by the support vector classifier (SVC) concept,'’
SVDD was derived by Tax and Duin.'®? Designed as a
classification tool, it produces a description of a reference set
for detecting whether new samples resemble the properties of
that set. Applications have shown a high-generalization per-
formance if large reference sets with very few abnormal sam-
ples are available.”

The core idea is to envelope the data within a feature space
by a minimal spherical volume. A simple sphere (dashed line),
as shown in Figure 1a, could envelope the original data.

This sphere, however, is not flexible enough to give an
adequate description of the data, compared to the region deter-
mined by a more complex nonlinear support vector approach.

To maintain the numerical efficiency in determining a
hypersphere, SVDD performs the transformation { = ®(z)
into the feature space. Using the kernel trick of SVC, kernel
functions can be established to simplify the determination of
®(-). This article uses Gaussian kernel functions K(z;z;) =
exp(—||z; — z;]|*/o”), where & is a scaling factor, as they are
preferable to other kernel types.18 Figure 1b illustrates this
transformation and shows that the feature space (1) produces
an alignment of the transformed data onto a surface, and (2)
that a hypersphere can be constructed to appropriately enve-
lope the transformed data.

The hypersphere in the feature space is constructed by
maximizing the cost function J 18

K K K
J = argmax I—ZZaiajIC(z,»,zj) Zoc,- = 1;0; € 10,C]
* =1

i=1 j=1

)

where a! = (oty, ..., og). The center a, and the radius R, of
the hypersphere are given by

K
a= Z O(,'(D(Z,')
i=1

OC[OCJ‘K:(Z[, Zj) (8)

K
=1

K
R=|1-2> aK(zs,z)+»
i=1 =1 J

i=1 j

Most of the o; coefficients are zero. The sample point zg, cor-
responding to a positive o; < C, is referred to as a support
vector. The parameter C represents a trade-off between the
volume of the hypersphere and the significance level, while
o determines the resolution at which the data is considered
in the original variable space.zo

After constructing the hypersphere in the kernel space, the
hypothesis that a new object { = ®(z) is a normal sample is
ac;:epted if the squared distance d(®(z)) = ||D(z) — a|* <
R”:

K
d(®@) =1+ Y oK (z;,2) — 2 Z %K (z,2;) < R.

i=1 j=1

(C))
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Figure 1. (a) Circular hypersphere and estimated boundary using support vectors from original data; (b) circular

SVDD hypersphere of transformed data.

Source Signals Extraction Using Principal
Component Analysis

This section provides a proof that the application of PCA
projects the source signals onto the model plane only, if the
process variables have the data structure z = I'u + f. Under
the assumption that the process exhibits a total of n < N
source variables u € R”, among which m < n are non-Gaus-
sian, the following relationship can be established

7 Fl 1
= utf= .
V) F2 FZI‘;
where I'; € R™” and of full rank, and I', € RY~>". Under
the assumption that the residuals f follow a Gaussian distri-
bution f ~ N {0, 2r}, Eq. 10 represents an error-in-variable,
: : 0 _
or total least-squares problem. This follows from z,” =
L, 1-1250) , with z(lo and zg)) being the uncorrupted recordings
of z; and z,, respectively. Wentzell et al.>! showed that max-
imum likelihood PCA can be employed to estimate @ =
I, 1'1 for uncorrelated residuals in Table 1 (page 348), and
for correlated errors in Table 2 (page 350). The tight equiva-
lence between total least-squares and maximum likelihood
PCA was highlighted by Schuermans.”? To address cases
where X, is not known a priori, Narasimhan and Shah?®

Tu+f, (10)

Table 1. Calculation of Confidence Limits for Univariate
Monitoring Statistics

introduced a maximum likelihood PCA approach for simulta-
neous model identification and residual covariance matrix
estimation.

Rewriting Eq. 10 in the form of

I *
7= [@]P]Flquﬁ (11)

where P, € R, I'ie R I = PI’IFI, and comparing it
with that of a maximum likelihood PCA model of z

P,

z=Pt+¢e¢= t+e= Pit+e¢ (12)

—1
2P1

2

the matrix expression 0= P2P1_1 converges to @ = LI
as the number of samples, K, converges to infinity under the
assumption that the residual covariance matrix is known.
This allows writing the asymptotic solution of Eq. 12 as
follows

=TT "t +e (13)
Using the aforementioned derivative, the projection of z onto
the model plane and residual subspace is given by

Table 2. Number of T);pe I errors for T2, Q, D*
and T~ Statistics

Variable Statistic Confidence limit
s D* = ||d(s) — alf? R? 95% Control limit 99% Control limit
T ° =7t (n—m)(K> 1) Vi 1.850% 0.200%
7anm K—n+m PCA
K(K —n+m) : 5.000% 1.050%
- D? 5.050% 1.150%
& 0=c¢e 74 (h) T? 4.900% 1.100%
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=P(T'u+f) = Pl'u + Pf,

e=R(Tu+f)=RPTu+Rf  (14)

0

which implies that the n > m source signals are projected
onto the model plane along with some variation of the resid-
uals f, and that the PCA residuals ¢ are linear combinations
of f. More precisely, the source signals, including Gaussian
and non-Gaussian components, are projected onto the model
plane as K — oo. This allows the extraction of the non-
Gaussian and Gaussian components from the score variables
of a maximum likelihood PCA model, which is discussed in
the ICA-SVDD monitoring scheme section.

Negentropy-Based Non-Gaussianity Test

The Preliminaries section has shown how a multivariate
non-Gaussian data set can be modeled (ICA), and how these
sequences can be transformed to determine a simple spheri-
cal confidence region that can be used for statistical infer-
ence. The question of how many ICs need to be extracted to
capture the non-Gaussian signal components, however, has
not been adequately addressed in the research literature.
This, however, is of fundamental importance to achieve a
good and robust performance of the monitoring scheme. For
example, the retention of too many ICs may cause an ampli-
fication of noise.” Cheung and Xu®* proposed the selection
of retained ICs by applying a two-step procedure:

Step 1. List all the ICs in an appropriate order; and
Step 2. Select the first few ICs as dominant ones.

Hyvarinen25 suggested two different methods to rank the
ICs:

Method 1: Order the ICs with respect to column norm of
A. This is based on the assumption that the ICs corresponding
to the column with the largest norm have the greatest contribu-
tion to the variance of the variable set z. However, the ICs are
determined to maximize J(y), and it is, therefore, not guaran-
teed that ICs corresponding to the largest column norms of A
have the most significant variance contribution to the recorded
variable set. Moreover, this method does not provide any
means for determining how many ICs need to be extracted.

Method 2: This approach is based on the ordering of ICs
according to their non-Gaussianity. This can be accomplished
by applying standard non-Gaussianity tests, for example the
well known Jarque-Bera (JB) test.!?

Given the aforementioned analysis, Method 2 is more
appropriate for determining how many ICs must be included
to capture the non-Gaussian signal components of recorded
variables. It should be noted, however, that the determination
of ICs relies on non-Gaussianity, computed by the negen-
tropy expression of Eq. 6. Moreover, the negentropy function
is a well established concept in statistical theory, and is an
optimal estimator of non-Gaussianity.'” Therefore, through
the computation of the ICs this measure is available, which,
in turn, can be taken advantage of in deciding whether to
include a particular IC.

This section introduces a new non-Gaussianity test that is
based on the available negentropy values. We also show later
that the JB test is a special case of the proposed non-Gaus-
sianity test. This test is based on Theorem 1, which is proven
in Appendix A.
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Theorem 1 The negentropy function of a variable y that fol-
lows a standard Gaussian distribution y € N(0,1), has the
following distribution if K — oo

K-J(y1,y2,..3) ~var{G(v)}(1), (15)

In the aforementioned theorem, v is a Gaussian variable, stat-
istically independent of y, and of zero mean and unit var-
iance, and var {-} denotes variance. Equation 15 can alterna-
tively be rewritten, such that the term m J1,y2, -,
yk)» asymptotically follows a y* distribution with one degree
of freedom. Moreover, J(yi,y2,...,vk) = (3 n, G(y;)—
E(G()*.
With regards to Theorem 1, the following holds true.

Remark 1 In order to determine whether y follows a Gaus-
sian distribution a confidence limit for the statistic
Vaf{@j J(y1,y2,- ..,.yK). can be computed on the baal‘is .of

istribution with one degree of freedom, and a signifi-
cance level of 0.05 or 0.01, for example.

Theorem 2 The conventional JB-test can be formulated to be
a special case of the negentropy-based non-Gaussianity test.

Theorem 2 is proven in Appendix B.

ICA-SVDD Monitoring Scheme

Previous sections discussed details of ICA, SVDD, and
how to determine ICs that significantly depart from a Gaus-
sian distribution. This section introduces a monitoring
scheme that extracts non-Gaussian signal components from
the score variables of the PCA decomposition. The proposed
ICA-SVDD monitoring approach is motivated in the Moni-
toring scheme section, followed by a summary of steps for
implementing this scheme.

Monitoring scheme

The success of PCA for monitoring complex multivariate
process systems lies in its simplicity." The fact that conven-
tional PCA is only applicable for processes that present
Gaussian distributed variables, however, presents a significant
limitation. In contrast to existing work on monitoring non-
Gaussian processes, the technique proposed here maintains
the simplicity of the PCA decomposition. As discussed in the
Preliminaries section, PCA decomposes the original variable
space into an n-dimensional model plane, n > m, capturing
dominant process variation in a typically much reduced
dimensional space, i.e., n < N, and a complementary residual
subspace, describing the mismatch between the original pro-
cess variables and the reduced dimensional data description.

ICA, briefly revised in the Preliminaries section, is then
applied to extract non-Gaussian signal components from the
retained score variables. Unlike PCs, which are statistically
independent up to second-order statistical information if the
original variables serially uncorrelated and normally distrib-
uted, ICs do not possess such appealing features. In contrast
to the work by Lee et al.” which advocates the use of the
KDE technique, the method proposed in this article relates to
the use of a SVDD, discussed in the Preliminaries section. In
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Figure 2. Implementation of the online monitoring approach.

contrast to the leave-one-out cross-validation approach,
required to extract a KDE of the ICs, the SVDD method
reduces to a quadratic programming problem that produces a
unique analytical solution.

However, not all of the ICs, extracted from the retained PCs,
present significant non-Gaussian distributions. This can be
assessed by applying the non-Gaussianity test developed in the
previous section. In a similar fashion to the work by Lee et al.”
this gives rise to the construction of up to three univariate moni-
toring statistics, as defined in the following. Two of these relates
to the retained PCs, while the remaining third is associated with
the discarded ones. More precisely, the retained scores may be
separated between those that show a significant non-Gaussian
distribution function, and those that can be approximated by a
Gaussian distribution, which Eq.16 summarizes

s =B'x
= (BY) x (16)

77—

t:PTzex:Al/th{
¢e=R'z

where 7 and s are non-Gaussian variable sets, extracted from
the retained PCs, respectively, B € R is the parameter ma-
trix of ICA models (Eq. 15), and B* € R™"™™ js the
orthogonal complements of B.

The decomposition in Eq. 16 gives rise to the construction
of the following three univariate statistics:

1. A statistic representing the variation of the non-Gaus-
sian components in the principal component model plane s,
defined here as D2;

2. a nonnegative squared statistic relating to the Gaussian
components in the model plane 7, denoted as T2, and

3. a statistic that characterizes the variation of the PCA
residuals, ¢ in the residual subspace, referred to as Q.

In line with conventional PCA, the T? statistic follows an
F-distribution,'* and the statistic can be approximated by a
central y*-distribution.”® As discussed in the Preliminaries
section, the confidence limit for the statistic is the squared
radius of the hypersphere in the respective feature space. Ta-
ble 1 summarizes the calculation of the confidence limits,
where ¢ = p*2u, h = 24%/p* and, u and p are the sample
mean and variance of the Q statistic.

For online process monitoring, a statistically significant
number of violations of these limits, or at least one of them,
is indicative of abnormal process behavior.

Figure 2 illustrates the steps for implementing the ICA-
SVDD monitoring scheme. From the left to the right, the
data vector is passed onto the first block. After mean-center-
ing and scaling, z is projected onto the PCA model plane
(upper block) and residual subspace (lower block). After
scaling the retained PCs, the middle block extract the non-
Gaussian ICs. Next, the SVDD transformations are carried
out for the ICs of the model plane, producing finally up to
three univariate statistics, those are the D2, the Tz, and the Q
statistics to the right.

Implementation of the monitoring scheme

The implementation of the ICA-SVDD monitoring scheme
requires the following steps:

1. Record a reference data set, including K samples, from
the process to be monitored;

2. Mean center and scale the data;

3. Obtain a maximum likelihood PCA model by using the
work by Wentzell et al.>! if the residuals covariance matrix
is known a priori or the technique by Narasimhan® if an
estimation of the residual covariance matrix is required,;

4. Compute the n retained score variables t = P’z, and
the PCA residuals ¢ = R’z;

5. Select a function to approximate Eq. 6, G (-);

6. Iteratively determine the ICs by benchmarking each of
the associated negentropy value against the confidence limit
of the test statistic as discussed in the Negentropy-based
non-Gaurssianity test section. Terminate the iteration when
the first associated negentropy value is below this limit. The
number of negentropy values above the confidence limit then
represents the number of ICs, m;

7. After determining the separating matrices for the score
variable sets B, construct its orthogonal complements B*;

8. Compute an SVDD model for the ICs, and establish the
confidence limits for the ICs in the feature spaces by deter-
mining the radius R.

9. Calculate the confidence limits for the 7% and QO statis-
tic as discussed by Jackson'* and Nomikos,?® respectively.
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The next section shows how to apply the aforementioned steps
to establish an online monitoring model for a simulated example.

Simulation Example

The simulated process is a modified version of that used
by Lee et al.'' where a total of three “source” variables are
generated as follows

uy (k) = 2 cos(0.08k) sin(0.06k)
u (k) = sign[sin(0.03k) + 9 cos(0.01k)]
usz(k) ~ N(0,0.25),

where k is a sampling index. A total of five process variables

z, are then constructed as linear combinations of these source
variables u’ = (u; up u3), 2% = I'u, with

a7

0.860  0.790  0.670
—0.550  0.650  0.460
=] 0170 0.320 —0.280 (18)
—0.330  0.120 0.270
0.890 —-0.970 —0.740
and noise sequences that were superimposed to 2, such that

the recorded variables are z = z¥ + f, where E{f} =0,
E{ff"} = 0.0025I and E{fz”)"} =0

From the aforementioned process, a total of 2,000 samples
were simulated for identifying an ICA-SVDD monitoring
model. The reference data set of the process variables pro-
duced the following covariance matrix

1.495 0.097 0.354 —-0.154 —0.093
0.097 0.796 0.079 0.299 —1.230
S.. = 0.354 0.079 0.153 —-0.038 —0.102
—-0.154  0.299 -0.038 0.149 -—-0.474
—0.093 —1.230 -0.102 —-0.474 1.912
(19)
AIChE Journal September 2008 Vol. 54, No. 9
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which had the following eigenvalues

=2.8369 1, =1.5932 /3 =0.0692

J4 = 0.0025 s =0.0025. (20)
As expected, the first three PCs correspond to interrelation-
ships between the five process variables, while the remaining
two refer to the noise variance. The negentropy values of the
first three ICs were 9.500 X 1072, 5.109 X 10™*, and 4.626
X 107>, while the 95% confidence limit is 1.484 x 107*
To confirm that the discarded PCs were Gaussian, the appli-
cation of the ICA to the discarded PCs highlighted that the
first IC followed a Gaussian distribution, since its negentropy
value was 3.146 X 107>

The application of the JB test with a confidence of 95% to
the 5 PCs confirmed that the first two PCs were non-Gaus-
sian, while the remaining three were Gaussian. Consequently,
the online monitoring of this simulated process required the
use of the D? statistic to represent the non-Gaussian signal
components, a T? statistic to describe Gaussian signal compo-
nents, both of which monitored process variation of the PCA
model plane, and the Q statistic to monitor process variation
in the PCA residual subspace.

To obtain the a coefficients for the SVDD of the two
extracted ICs, the optimal parameters for the Gaussian kernel
functions, and the penalizing factor were found to be ¢ =
2.8, and C = 0.02, to produce a 95% confidence limit, and ¢
= 2.5, and C = 0.15, to generate a 99% limit.

For the simulated 2,000 samples, Table 2 summarizes the
Type I error, or false alarm rate, of the T%.,, the Q statistics
(conventional PCA), and the D* and T? statistics of the ICA-
SVDD model for a confidence of 95 and 99%.

Figure 3 shows the computed univariate statistics, and
graphically demonstrated the impact of the lower-than-
expected numbers of Type I errors for the T12>CA statistic,

DOI 10.1002/aic 2385



ol 95% Confidence Limit 99% Confidence Limit

2

1" Fault Free Data Step—Type Fault

il W

500 1000 1500
Sample Number

2000

SO 1 R} l{}th
Sample Number

200K

Figure 4. Univariate monitoring statistics describing step-type fault on process variable z,; TE,CA statistic (upper left
plot), Q statistic (upper right plot), D? statistic (lower left plot) and T2 statistic (lower right plot).

which is later shown to result in a decrease in sensitivity for
detecting anomalous behavior.

This can be attributed to the assumption that PCs follow a
Gaussian distribution, which was not the case for the first
two retained PCs.

To analyze a fault condition, the aforementioned monitor-
ing model was next applied to a second data set, which also
included 2,000 simulated samples using Eqs.17 and 18.
Injecting a sensor bias to variable z,, that took the form of a
step of magnitude 3.0, then represented a fault condition.
Figure 4 shows the monitoring charts for these data set, and
indicates that the D* and the Q statistics were most affected
by this event.

In contrast, the conventional T%CA statistic only showed a
sporadic response to the sensor bias. This, in turn, is in line
with the previous observation that substantially fewer Type I
errors than expected were noticed for the reference data.
This example is, therefore, an indication that utilizing an
incorrect distribution function to obtain confidence limits
may (1) render the monitoring statistic insensitive, or (2)
increase the number of Type I errors (false alarms).

To demonstrate that the decrease in sensitivity may render
a fault undetectable, a second fault scenario was simulated.
This time, the first “source signal” was augmented by super-
imposing a step-type fault of magnitude 1.0 to the latter half
of a third data set that also contained 2,000 samples. In this
case, the residual subspace of the PCA decomposition can-
not be affected by this fault condition, which Figure 5 con-
firms.

The figure shows that T,%CA statistic only showed a spo-
radic response, which makes this event almost undetectable.
In contrast, the D? statistic constructed from the ICA-SVDD
approach detected this event in the latter half of the data set.
The increased sensitivity of the ICA-SVDD approach is
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clearly related to the more accurate representation of the
non-Gaussian trends encapsulated in the retained PCs.

Application to an Industrial Melter Process

This system is part of a disposal procedure, where a pow-
der (waste material) is clad in glass. The melter vessel is
continuously filled with powder, and raw glass is discretely
introduced in the form of glass frit. This binary composition
is heated by four induction coils, positioned around the ves-
sel. Resulting from this heating procedure, the glass becomes
molten homogeneously. The process of filling and heating
continues until the desired height of the liquid column is
reached, at which stage the molten mixture is poured out
through an exit funnel. After the vessel has been emptied to
the height of the nozzle, the next cycle of filling and heating
begins.

Measurements of eight temperatures, the power in four
induction coils, the viscosity of the molten glass, and the
voltage were taken every 5 min. The heating and emptying
cycles produced non-Gaussian readings of the recorded varia-
bles, which our analysis confirmed. Two data sets were
recorded, a reference set of K = 6,000 samples (500 h), and
a second set of 360 samples (30 h) for testing the perform-
ance of the ICA-SVDD monitoring approach. Given the sam-
pling period of five minutes, there are steady-state relation-
ships between the recorded variables.

A maximum likelihood PCA model was established next
with the aid of the non-Gaussianity test introduced in the
Negentropy-based non-Gaussianity test section. After the
retention of 11 PCs the maximum likelihood PCA model
produced residuals ¢ that did not show any remaining non-
Gaussianity trends. The next step involved the determination
of the number of ICs to be included in the D? statistic.
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Figure 5. Univariate monitoring statistics describing step-type fault on “source” variable uy; T,%CA statistic (upper
left plot), Q statistic (upper right plot), D? statistic (lower left plot), and T2 statistic (lower right plot).

Table 3 shows the calculated value of each IC and the 95%
confidence limit.

Marking significant ICs in bold, it follows from Table 3
that a total of m = 9 ICs need to be included to extract the
non-Gaussian components. This highlights that remaining
components can be approximated by a Gaussian distribution,
and confirms that applying the data model z = T'u + f, the
source signals for melter process are both Gaussian and non-
Gaussian.

To determine the 95% confidence limit for the D? statistic,
the parameters ¢ and C were found to be 2.5 and 0.167.
Using the three univariate monitoring statistics of the pro-
posed monitoring scheme, and the conventional PCA-based
statistic 77, the left upper plot in Figure 6 shows that an ex-
cessive number of Type I errors were produced.

More precisely, the number of Type I errors for the TI%CA,
D2, the Tz, and the Q statistics were determined to be
12.430%, 4.910%, 5.020% and 4.930%, respectively. In con-
trast, considerably different numbers of Type I errors relative
to the significance level of 5% were not experienced using

Table 3. Negentropy Value for ICs of Retained and
Discarded PCs

95% Confidence limit 4945 X 1077
ICs Negentropy
1C, 0.029
IC, 0.012
ICs 0.005
IC, 0.005
ICs 0.003
(o 0.002
1C, 0.001
ICy 6.570 X 10~*
1C, 5.806 X 107*
ICo 1.842 X 107°

AIChE Journal September 2008 Vol. 54, No. 9

Published on behalf of the AIChE

the ICA-SVDD monitoring scheme. The lower plots in Fig-
ure 6 confirm this. While the simulation example in the pre-
vious section illustrated that the use of an incorrect distribu-
tion function may render the monitoring statistics insensitive,
the analysis of the melter data are, therefore, an example of
an excessive number of Type I errors or false alarms.

Figure 7 shows that the second data set represented a sig-
nificant disturbance in two of the induction coils, A15 and
A16, in the last third of the recording period.

The exact root cause of this event could not be deter-
mined, but it was noticeable that an increase in voltage
(A44) arose at the same time. Figure 8 summarizes the appli-
cation of PCA and the ICA-SVDD monitoring approach to
this second data set.

Each of the univariate statistics showed a significant
response to the disturbance; however, the conventional TIZJCA
and Q ones (upper charts in Figure 8) detected this event
17.75 h into the data set. Furthermore, two emptying cycles
produced false alarms after about 3 and 10 h. This compares
to the two statistics constructed from the ICA-SVDD
approach (lower plots in Figuere 8), where no false alarms
were noticeable during the first 17 h. In addition, the D?
statistic (lower left plot) detected this event already after
17.2 h, i.e., 35 min earlier. This implies that filtering the
non-Gaussian components from the retained PCs increased
the sensitivity for fault detection in this example plus cir-
cumvented the production of false alarms, resulting from
using an incorrect distribution function.

Concluding Summary

This article has studied the monitoring of multivariate sys-
tems that exhibit non-Gaussian processes behavior, which is
a phenomenon that is often encountered in the chemical
industry. Existing work in this area relies on the use of ICA
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to extract non-Gaussian components from the recorded varia-
bles. However, existing work has not addressed the following
issues: (1) how to geometrically interpret ICs, (2) how to
estimate confidence limits for ICs effectively, (3) how to
evaluate the importance of ICs, and (4) how to deal with
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source variables that contain both Gaussian and non-Gaussian
signal components.

Assuming that recorded data can be described by the data
structure z = I'u + f , where u can contain both Gaussian
and non-Gaussian components, and f are Gaussian residuals
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Figure 7. Recorded data of melter process showing the effect of a significant disturbance in power signals A15
and A16, and its effect on the temperatures, most notably M2, M3 and M5.
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of zero mean and covariance X, these issues have been stud-
ied in this article. The contribution of this article commences
by providing a proof that the application of maximum likeli-
hood PCA can establish a model plane captures the variation
within the source signals u, plus some variation from the
residuals f. Moreover, the complementary residual subspace
does not reflect any variation of the source signals u, but linear
combinations of the residuals f. This implies that the non-
Gaussian components can be extracted from the retained PCs.

To address the first of the aforementioned issue, ICA has
been applied to the retained PCs to maintain the geometric
interpretation of the PCA decomposition. Existing works on
determining confidence limits for ICs rely on ad hoc
approaches or utilize the computationally expensive KDE.
This article proposes the use of a SVDD. As the calculation
of a mapping function to a feature space, and the determina-
tion of the hypersphere to envelop the transformed ICs
reduce to a numerically efficient quadratic programming
problem, the SVDD approach does not suffer from a high
computational load.

The third issue has been tackled by introducing a non-
Gaussianity test for determining how many ICs need to be
included, and how severe, i.e., how important, is their non-
Gaussianity. A theoretical analysis of the proposed test has
yielded that it is a generalization of the well known Jarque-
Bera test. Finally, the article has introduced a monitoring
scheme by incorporating ICA, SVDD, and the new non-
Gaussianity test into the PCA-based monitoring framework.
The utility of this scheme has been demonstrated by two
application studies, a simulation example and the analysis of
recorded data from an industrial melter process.
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Both application studies demonstrated that using conven-
tional PCA either rendered the established monitoring
approach insensitive or produced an excessive number of
Type I errors. In contrast, applying the proposed monitoring
scheme removed these undesired impacts and produced a
more sensitive monitoring approach to detect fault conditions
in both application studies. Further work on studying ICA
and SVDD for process monitoring, which is beyond the
scope of this article, will involve the integration of the pro-
posed scheme in a dynamic multivariate statistical, as well as
a nonlinear context.
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Appendix A: Proof of Theorem 1

Without restricting generality, G(y) is given here by G(y) =
y4, where y,v € N(0,1) and y,,y, ... ,yx are K samples from
y. The mean E{G(v)}, and variance var{G(v)} is given by

E{G(v)} =E{*} =3
var{G(v)} = E{G*(v)} —
— (E{v*})* =96

(E{GM})’ =E(')  AD
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Utilizing the central-limit theorem for K — oo, it follows
that

s [ I

S0 K-J(y1,y, - .. &) ~ 96 7*(1).

Appendix B: Equivalence of JB- and
Negentropy-Based Tests

It follows from Theorem 1 that

2
[ggrgovar{G [ ZGyl E{G(V)}] ~ 7 (1). (B
By defining G,(y) = y°, E{G(») = {v3} =0, var{G(v)} =
var{v’} = E(v°}) — (E{v*}))* = E{»*} = 15, and utilizing

Eq. B1 produces

2
K
) (%Ei:1y3]
lim K——%—

~ (1 B2
Koo 15 o) B2

Next, defining G,(y) = y*, E{G(v)} = E{v*} = 3, var{G(v)}
= var{v*} = 96, and again, using Eq. B1 gives rise to

K 2
fim & &= —3)

2
Jlim Ge—~ (D). (B3)

Usmg Eqs B2 and B3, and further defining \/_ =7, and

5 =74, where yl = Kz y is the ith moment”’ for E{y}
= 0 yields, as a sum, a y dlstrlbutlon with two degrees of
freedom

7\ 2 12\

It should be noted that Eq. B2 is based on the fact that \/17
and b, are nearly independent for large K. 8

In a similar fashion to Eq. B2, the widely used Jarque-
Bera test statistic follows a y° distribution with two degrees
of freedom'?

2 2
[(*/lg_‘) +(b22;3) ] ~72). (B

lim K

K—o0

where /by = 73 /y;/ is the sample skewness, b, = y4/y% is
the sample kurtosis, y; = + il 1(y, 5)" is the i™ sample
moment,”’ and y is the sample mean. Asymptotically /b;
and b, converge to 0 and 3, and their asymptotic variances
are 6/K and 24/K, respectively.29 For the JB-test, the sample
mean y and variance y, for determining the skewness /b
and b, kurtosis need to be estimated by the samples. For the
negentropy-based test, however, the mean and variance are
already known.

Under the assumption that y;,y,, ..., yx are samples of a
Gaussian distributed population y i.e., y € N'(0,1), we show
that Eq. B5 converges to Eq. B4. For the negentropy-based
test, the sample mean and variance are defined as 0 and 1,
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respectively, that is y = 0, y, = 1 (or var{y} = 1). This,
however, implies that /b, = \/b| and b, =D, . We now
examine the distribution of b/1 and D).

The asymptotic means and variance of \/b—/l are?’

E{y/bi} =5 = B} + (EDD? +3 var(y}) =0,

ar{y i} = (- 037) = (@9

2 4.
where 7} is the moment of order i and )}, = %%—’,'

larly, the asymptotic means and variance of b) are?’

Simi-

E{by} =7, = E{y})* + 6(E{y})*var{y} + 3(var{y})* = 3,

var{b} = (v~ ) =2 (B7)

Urzua® showed that Eq. B8

2 2
o (S )

produces

AV R O
KIEEOK[ 5 "o | ~r® B9
by using Eqgs. B7 and 8.

Equation B9 is the same as Eq. B4. Thus, the Jarque-Bera
test statistic can be formulated on the basis of the negen-
tropy-based test statistic by taking G(-) to be y* and y*, and,
subsequently, add both expressions. If other forms for G(-)
are used, a different test can be obtained. Consequently, the
proposed test can be seen as a generalization of the JB-test.
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